INTRODUCTION
Let G be a torsion-free group, and K and A4 finite subsets of G with ) Kj >, 2 and JMJ > 2. We denote by KM the set of the elements g E G which have at least one representation of the form g = km, where kE K and rng M. It is known [Ke] that in the described situation the following inequality always holds: IKMI 2 IK:) + /MI -1.
(1.1)
The purpose of this paper is to determine the structure of K and M when the order of KM happens to be the minimal possible, namely, when 1 KM1 = 1 KI + I MI -1. We prove the following A special case of Theorem 1 with the additional restriction llyl> 3( IA41 -1)5 was proved in [FS] . The present work gives the proof for the general case. The authors are grateful to Graham Higman for mentioning to them the relation of the problem discussed to the question of the absence of zero divisors in the group ring of a torsion-free group over an integral domain.
PRELIMINARIES
The condition and the statement of Theorem 1 are unchanged if K, A4 are replaced by gK, Mh for any g, h E: G, whence we will always assume that 1 E K, lEA4.
(2.1)
We will also assume that I4 2 WI, (2.2) replacing, if the need arises, K and M by K-' = { g E G 1 g-' E K} and M-' correspondingly. We introduce now a notion of a segment. If x E G, x # 1 and A is a finite subset of G then a right x-segment of A is a subset P s A having the form The number s will be called the length of the segment P, p-the lower element of P, and px"-I-the upper element of P. The left x-segment Q of some finite subset BG G is defined similarly:
BI> Q= {q, xq, . . . . x'-'q), where xQ ~2 B, x -IQ 6 8, qEG, t>l.
The number of right x-segments of A will be denoted by B,(A), and the number of left x-segments of B will be denoted by b,(B).
Speaking of some product set AB, A c G, BEG, by segments of A we will always mean right segments, and by segments of B we mean left segments.
In this notation Theorem 1 states that there exist q E G, q # 1, such that P,(K) = B&w = 1.
Obviously, if for some finite subset A c G, b,(A) = n, then IAx\AI =n, (2.5) and, particularly, we obtain PROPOSITION 2.1 [FS] . The number of (q)-cosets having non-empty intersection with some finite subset A c G may, generally speaking, differ from the number of q-segments of A. For the present we note the following PROPOSITION 2.3. Theorem 1 holds if one of the subsets K, M is contained in one (q)-coset (right or left correspondingly) for some q E G, q # I.
Proof: We give the proof for K, and the other case is similar. By (2.1) we may assume KS (q In the proof of Theorem 1 we will use the set transformation introduced in [Ke] . The transformation is applied to a pair of sets K, M. If an XE G, x # 1 is given, then the transformation increases by one element upward all the x-segments of one of the two sets, say K, and takes off the upper elements of all the x-segments of the second set, M. As a result, two new sets are obtained, correspondingly K, and M,, with K,IK, M,cM.
(3.1)
We will not consider the case M, = 121 that occurs if IMI = P,(M) and all the x-segments in M are of length 1. It is always possible to choose x E G, x# 1 such that IMI >b,(M). Indeed, if M= {b,, b,, . . . . b,} then taking x = b,b;' will provide us with at least one x-segment P E M of length not less than 2: P{b,, xb,, . ..}. More formally, let x E G, x # 1. Consider the sets of the upper elements of the x-segments in K and M:
The sets K, and M, are non-empty since K and A4 are finite and G is torsion-free. Subsets K1 and M, are defined as We note also the following COROLLARY 3.1. Let K, M be subsets qf G satisfying (1.2), (1.3). Let K,, M, be defined as in (3.3). Then IK,M,I = lK,I + lM,l-1.
(3.9)
ProoJ: This is the immediate consequence of (3.4), (3.5). 1
We will call the transforming of K and M into K1 and M,, described by (3.3), as "increasing of K by x" and "decreasing of A4 by x." Similarly, we will speak of "decreasing of K" and "increasing of M" by x, when transformation is described by (3.8). In the latter case (3.4), (3.5), and (3.8) all hold as well, provided (KI > /l,(K). IKiM, = IKil + lMil -1.
We stop this process as soon as the number of q-segments in K,, M, becomes less than s. Since M is finite (3.1) guarantees the termination of the process which can create one of the following situations: (iii) At some step n of the process it happens that only one element is left in M,: IM,J = 1. This means that all the q-segments of M but one are of equal length, while one segment is "one element longer." The rest of the work deals just with this case, which is finally proved to be impossible. 4.2. Nontrivial Case. We are now in the situation (iii) of 4.1. From now on we will work mainly with subsets K,-, and M,_ , which will be henceforth denoted by K Let us organize now the transformation process, decreasing K and increasing A4 by g. If this process will terminate in the situations similar to (i) or (ii) of 4.1 then the arguments used there would yield that K and M are segments, which is a contradiction with the structure of A4 again. Therefore assume that this transformation would also terminate in the situation similar to (iii) of 4.1. This means that K consists of s -1 g-segments of equal length 1 and of one g-segment of length I+ 1, so (KI =Zs+ 1.
(4.2.5)
We will need later the two auxiliary results on the structure of K:
LEMMA 4.2.1. 122, SO jK\ >2s+ 1.
Proof. Suppose the opposite and let 1 = 1, and 1 KI = IMI. For any XEG, xfl (ii) C,(K) < C,(M). We decrease K and increase M by g, obtaining K' and M' correspondingly. Now every g-segment of M' consists of at least two elements. Also, by Lemma 4.2.1, [K'/ 3 s + 1 and we arrive at a contradiction similarly to (i), by choosing K'" as a subset of maximal order among all Kti, which is not a segment, and multiplying K'" by M'. Thus, we proved that C,(K) = s.
Suppose now that C,(M) <s. Repeating arguments of (i) we once more get a contradiction that finally proves (4.2.7). 1
We know that IKMl = [Kl + /MI -1 = [Kl + s so, by (4.2.4), KM=KuKg VgEM, g#l.
(4.2.8)
It means that the sets of the upper elements of (right) g-segments of KM coincide for all non-trivial gE M. We denote this set by KM=KM\K.
(4.2.9)
For the proof of Theorem 1 we will need the similar result for K, which is proved separately in Section 5: We know that there exist g E G, g # 1, such that Bgw-f") < IM"I, so (5.3) allows us to apply induction again and conclude that K and M are segments, which is a contradiction. In view of (5.1) only two cases are left for consideration:
Case (i). Assume /3,(M) = s. We state that there are no y-segments of length 1 in M'. Indeed, if there were such segments, then, decreasing M' and increasing K' by y, we would obtain M" and K" with P,(M") <s and IA4"I = s + 12 2, so applying induction we get a contradiction as bebore. Assume, therefore, that M' consists of s-1 y-segments of length 2 and one y-segment of length 3. Since we supposed Proposition 4.2 to be wrong, let XEK'flK, . (5.4) We need two simple lemmas. Consider now the y-segment of M' that contains q. By the argument given above, it has length not less than 2, so either yqE M' or y-'qcM'. The former case is impossible according to Lemma 5.1, so y-'qcM'.
Since M' = M v qM we obtain that either y-'q=b,, 
